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1 Diphantine m-tuples
, Diophantine $m$-tuple ,
.
Diophantus :
2 1 $ua_{j}+1(1\leq i<i\leq 4)$ 4
$\{a_{1}, a_{2}, a\epsilon, a_{4}\}$ .
{1/16, 33/16, 68/16, 105/16} Diophantu8 ,
{1, 3, 8, 120} Fermat , .
1.1. $m$ $\{a_{1}, \ldots, a_{m}\}$ Diophantine $m$-tuple
, $1\leq i<i\leq m$ $a_{i}a_{j}+l$ .
Diophantine pair $\{a, b\}(r:=\sqrt{ab+1})$ Diophantine quadruple
(Euler):
$\{a, b,a+b+2r,4r(a+r)(b+r)\}$ .
, Diophantine triple $\{a, b,\mathrm{c}\}(\mathrm{r}:=\sqrt{ab+1}, s:=\sqrt{ac+1}, t:=\sqrt{bc+1})$
Diophantine quadruple (Arkin-Hoggatt-Strauss [1]):
$\{a,b,c,d_{+}\}$ , $d_{+}:=a+b+C+2abc+2rst$ .
$(\cdot.\cdot ad_{+}+1=(at+rs)^{2}, bd_{+}+1=(bs+rt)^{2},$ $cd_{+}+1=(cr+st)^{2}.)$
quadruple $\{a, b, c, d_{+}\}$ regular Diophantine quadruple . Diophan-
tine triple $\{a, b, c\}(a<b<c)$ , , $c<d$ Diophantine
quadruple (cf. [10, Lemma 6]).
1.2. (cf. [1]) Diophantine quadruple regular .
12 , .
1.3. Diophantine quintuple .
1521 2006 119-125 119
13 , – :
1.4. (DujeUa $[10|$ ) (i) Diophantine sextuple .
(ii) Diophantine quintuples (10 ) .
1.2 , Baker-Davenport .
1.5. ([2]) $\{1, 3, 8, d\}$ Diophantine quadruple , $d=120(=d+)$ .
( , {1, 3, 8} Diophantine quintuple )
15 , 3 – .
1.6. (DujeUa [5]) $\{k - 1, k+1,4k, d\}(k\geq 2)$ Diophantine quadruple ,
$d=4k(4k^{2}-1)(=d_{+})$ .
( , $\{k-1,$ $k+1,4k\}$ Diophantine quintuple )
1.7. (Dujella-Peth6 [11]) $\{1, 3, c, d\}(c<d)$ Diophantine quadruple ,
$d=c_{\nu+1}(=d_{+})$ , $c=c_{\nu}(\nu\geq 1)$ , $\{1, 3, c_{\nu}\}$ Diophantine triple
$(c_{1}=8<c_{2}<c_{3}<\cdots)$ .
( , {1, 3} Diophantine quintuple $\text{ }$. )
1.8. (DujeUa [6]) $\{F_{2k}, F_{\mathit{2}k+2}, F_{2k+4}, d\}(k\geq 1)$ Diophantine quadruple ,
$d=4\mathrm{F}_{2k+\mathrm{I}}F_{2k+2}\mathrm{F}_{2k+3}(= d_{+})$ . , $n$ Fibonacci .
( , $\{F_{2k},$ $F_{2k+2},$ $F_{2k+4}\}$ Diophantine quintuple )
, 16 17 – .
1.9. $k\geq 2$ , $c=c_{\nu}$ :
$c_{\nu}:= \frac{1}{2(k^{2}-1)}\cross\{(k+\sqrt{k^{2}-1})^{2\nu+1}+(k-\sqrt{k^{\mathit{2}}-1})^{\mathit{2}\nu+1}-2k\}$ $(\nu=1,2, \ldots)$ .
(1.1)
$c\overline{7}\leq c_{2}$ , $\{k-1, k+1, c, d\}(c<d)$ Diophantine quadruple , $d=$
$c_{\nu+1}(=d_{+})$ .
$(c_{1}=4k, c_{\mathit{2}}=4k(4k^{2}-1),$ $c_{3}=8k(8k^{4}-6k^{2}+1),$ $\ldots.)$
1.10. $k\geq 2$ , $\{k-1, k+1\}$ Diophantine quintuple .
[ ] $\{k-1, k+1, c_{2}, c, d\}(c_{2}<c=c_{\nu}<d)$ Diophantine quintuple
$\mathrm{A}\mathrm{a}$ . Diophantine quintuple . $d_{+},$ $d_{+}’$
$\{k-1, k+1,c, d+\},$ $\{k+1, c_{2}, c, d_{+}’\}$ regular \ddagger , regular




1.11. 1.6, 1.7, 1.8 Diophantine triples
, “ ” regular Diophantine quadruple
(cf. [12], [7], [9]). ,
$E_{k}$ : $y^{\mathit{2}}=((k-1)x+1)((k+1)x+1)(4kx+1)$
$(x,y)=(\mathrm{O}, \pm 1),$ $(4k(4k^{2}-1), \pm(128k^{6} - 112k^{4}+20k^{2}-1))$
, -k $\mathbb{Q}$ 1 , ( , $E_{k}$




$\nu\geq 2,$ $k\geq 3$
. $\{k-1, k+1, c, d\}$ Diophantine quadruple , $x,$ $y,$ $z$
,
$(k-1)d+1=x^{2},$ $(k+1)d+1=y^{2},$ $cd+1=z^{2}$




$\mathrm{P}\mathrm{e}\mathrm{U}$ , $m\geq 0,$ $n\geq 0$ (2.1) $(z0, x_{0})$ ,




$1 \leq|z_{0}|\leq\sqrt{\frac{(s-1)(c-k+1)}{2(k-1)}}<\sqrt{\frac{c\sqrt{\mathrm{c}}}{2\sqrt{k-1}}}<\frac{c}{2}$ , (2.6)
$1 \leq y_{1}\leq\sqrt\frac{(k+1)(c-k-1)}{2(t-1)}<\sqrt{\frac{t+1}{2}}$ , (2.7)
$1 \leq|z_{1}|\leq\sqrt{\frac{(t-1)(c-k-1)}{2(k+1)}}<\sqrt{\frac{c\sqrt{c}}{2\sqrt{k+1}}}<\frac{c}{2}$ . (2.8)
121
(2.3) $z=v_{m},$ $(2.4)$ $z=w_{n}$ . ,
$v_{0}=z_{0},$ $v_{1}=sz_{0}+cx_{0},$ $v_{m+2}=2sv_{m+1}-v_{m}$ , (2.9)
$w_{0}=z_{1},$ $w_{1}=tz_{1}+cy_{1},$ $w_{n+2}=2tw_{n+1}-w_{n}$ (2.10)
.




2.1. $0<d<c_{\nu}$-l , {k-l, k+l, d, c} Diophantine quadruple
.
(2.5), (2.6), (2.7), (2.8) , (2.9), (2.10) $z=v_{m}=w_{n}$ mod $2c$
, ( $\text{ }$ , 21 ):
(i) $v_{2m}=w_{2n}$ $z_{0}=z_{1}=\pm 1$ ;
(\"u) $v_{2m+1}=w_{2\mathrm{n}+1}\mathrm{B}_{1’\supset}z_{0}=\pm t,$ $z_{1}=\pm s(z_{0}z_{1}>0)$ .
$v_{2m}=w_{\mathit{2}n},$ $v_{\mathit{2}m+1}=w_{2n+1}$ mod 8$c^{\mathit{2}}$ , mod 4 ,
.
2.2. (cf. [11, Lemma 4]) $c\geq c_{3}$ .
(i) $m\geq n>\mathrm{m}\dot{\mathrm{m}}\{0.7\sqrt{\frac{c}{k+1}},1.6\sqrt{\frac{c}{k^{4}(k+1)}}\}$ ;
(\"u) $m\geq n>0.5(\sqrt{\frac{c}{(k+1)^{3}}}-1)$ .
, (2.1) $(k-1)y^{2}-(k+1)x^{2}=-2$ $x$ $x=p_{l}=q_{m}$ 2 , (i)
mod $4k(k-1)$ , (ii) mod $2k$ , .
2.3. (cf. [5, Lemma 4]) $c\geq c_{2}$ .
(i) $m\geq 2k-1$ ;
(ii) $m\geq k-1$ .
$c,$ $k$ , , $m$ , , $z$ . ,
Rickert ( Bennett) .
2.4. (cf. [4, Theorem 3.2], [13, $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}],$ $[14$, Thmrem]) $k,$ $N$ $k\geq 3,$ $N\geq 1\mathrm{O}k^{7}$
, $P1,$ $\mathrm{P}2,$ $q(q>0)$ ,
$\theta_{1}:=\sqrt{1+\frac{k-1}{N}}$ $\theta_{\mathit{2}}:=\sqrt{1+\frac{k+1}{N}}$






$N=$. $(k^{\mathit{2}}-1)c,$ $q=(k^{2}-1)z,$ $p_{1}=(k-1)ty,$ $p_{2}=(k+1)\epsilon x$
, (2.1), (2.2) , (2.11)
$\max\{|\theta_{1}-\frac{(k-1)ty}{(k^{2}-1)z}|,$ $| \theta_{2}-\frac{(k+1)sx}{(k^{2}-1)z}|\}<\frac{c}{2(k-1)}z^{-2}$ (2.12)
. $c\geq c_{3}(>58k^{5})$ $N\geq 10k^{7}$ 24
, (2.12) $z$ :
$\log z<\frac{\log(0.84c^{2})\log(\frac{8.05(k+1)(k^{2}-1)^{4}\mathrm{c}^{2}}{k})}{\log(\frac{01037k\epsilon}{(k^{2}-1)^{\epsilon}})}$
$< \frac{4\log(0.9\mathrm{l}7c)\log(3.28k^{4}c)}{\log(\frac{0.1037}{k^{b}}c)}$ .
22, 23 , .
2.5. $k\geq 3$ , $d>c_{\nu+1}$ $\{k-1, k+1, c, d\}$ Diophantine
quadruple , 21 .
(i) $z=v_{2m}=w_{2n}$ $c\leq c_{6}$ , .
(1) $c=c_{3}$ , $3\leq k\leq \bm{3}4$ ;
(2) $c=c_{4}$ , $3\leq k\leq 7$ ;
(3) $c=c_{6}$ , $3\leq k\leq 5$ ;
(4) $c=c_{6}$ , $k=3$ .
(\"u) $z=v_{2m+1}=w_{2n+1}$ $c\leq c_{4}$ , .
(1) $c=c\mathrm{s}$ , $3\leq k\leq 83$ ;
(2) $c=c_{4}$ , $3\leq k\leq 9$ .
2.6. Ri&ert , $\theta_{1},$ $\theta_{2}$ $k$ $0$ , $N\geq 26$
$\lambda<1$ Bennett , $k-1,$ $k+1$ – $a_{1},$ $a_{2}$
, $N> \max\{|a_{1}|, |a_{2}|\}$ ( , $=(k+1)^{9}$) $\lambda<1$ . ,
$N>(k+1)^{9}$ $c\geq c_{4}$ , $c=c_{3}$ $k$
, , 110 . , 24 ,
.
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2.5 $c\geq c_{3}$ $k\geq 3$ , Baker-
Davenport ([2]) , , $m,$ $n$
– :
(i) $0<m_{1}\log\alpha_{1}-n_{1}\log\alpha_{2}+\log\alpha_{3}<1.2\alpha_{1}^{-2m_{1}}$ ; (2.13)
(\"u) $0<m_{2}\log\alpha_{1}-n_{2}\log\alpha_{2}+\log\alpha_{4}<4.1k^{2}\alpha_{1}^{-2m_{2}}$ . (2.14)
, $m_{1}:=2m,$ $m_{2}:=2m+1,$ $n_{1}:=2n,$ $n_{2}:=2n+1$ ,
$\alpha_{1}:=s+\sqrt{(k-1)c}$, $\alpha_{\mathit{2}}:=t+\sqrt{(k+1)_{\mathrm{C}}}$,
$\alpha_{3}:=\frac{(\sqrt{c}\pm\sqrt{k-1})\sqrt{k+1}}{(\sqrt{c}\pm\sqrt{k+1})\sqrt{k-1}}$ , $\alpha_{4}:=\frac{(k\sqrt{c}\pm t\sqrt{k-1})\sqrt{k+1}}{(k\sqrt{c}\pm s\sqrt{k+1})\sqrt{k-1}}$.
. , Baloer ( [3]) , $c,$ $k$ $m$ :
(i) $m_{1}\leq 4\cdot 10^{18}$ ;
(ii) $m_{2}\leq 6\cdot 10^{18}$ .
, $c,$ $k$ , (2.13), (2.14) $\log\alpha_{2}$
$0<m_{1}\kappa-n_{1}+\mu_{1}<A_{1}B^{-m_{1}}$ ,
$0<m_{2}\kappa-n_{2}+\mu_{2}<A_{\mathit{2}}B^{-m_{2}}$
$( \kappa:=\frac{\log\alpha_{1}}{\log\alpha_{2}},$ $\mu_{1}:=\frac{\log\alpha_{3}}{\log\alpha_{2}},$ $\mu_{2}:=\frac{\log\alpha_{4}}{\log\alpha_{2}},$ $A_{1}:= \frac{\mathrm{l}.2}{\log\alpha_{2}},$
$A_{2}:= \frac{4.1k^{2}}{\log\alpha_{2}},$ $B:=\alpha_{1}^{2})$
“reduction lemma” :
2.7. (cf. [11, Lemma 5 $\mathrm{a}$) $],$ [$2$ , Lemma] $)$ $M$ , $P/q$ $\kappa$






, 21 , $c=c_{2}$ . , .
2.8. $k\geq 3$ , $c=c_{\nu}\geq c_{4}$ $\{k-1, k+1, c_{2},c\}$ Diophantine
quadruple , $d>c_{\nu+1}$ $\{k-1, k+1, c, d\}$ Diophantine
quadruple .
, .
2.9. $c=c_{\mathit{2}}$ , 2.3 Baker , $m_{1}<10^{\mathit{2}1},$ $m_{2}<10^{21}$
, $k\leq 5\cdot 10^{\mathit{2}0}$ . , $k$
, 27 $k$ .
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